In the framework of coupled cell systems, a coupled cell network describes graphically the dynamical dependencies between individual dynamical systems, the cells. The fundamental network of a network reveals the hidden symmetries of that network. Subspaces defined by equalities of coordinates which are flow-invariant for any coupled cell system consistent with a network structure are called the network synchrony subspaces. Moreover, for every synchrony subspaces, each network admissible system restricted to that subspace is a dynamical systems consistent with a smaller network. The original network is then said to be a lift of the smaller network. We characterize networks such that: its fundamental network is a lift of the network; the network is a subnetwork of its fundamental network, and the network is a fundamental network. The size of cycles in a network and the distance of a cell to a cycle are two important properties concerning the description of the network architecture. In this paper, we relate these two architectural properties in a network and its fundamental network.
Introduction
Coupled cell networks describe influences between cells. A network is represented by a graph where each cell and each edge have a specific type. A cell type defines the nature of a cell, and an edge type defines the nature of the influence. A dynamical system that respects the network structure is a coupled cell system admissible by the network. Stewart, Golubitsky and Pivato [12] , and Golubitsky, Stewart and Török [6] formalized the concepts of coupled cell network and coupled cell system. They showed that there exists an intrinsic relation between coupled cell systems and coupled cells networks, proving in particular, that robust patterns of synchrony of cells are in oneto-one correspondence to balanced colorings of cells in the network -see [12, theorem 6.5] . Coupled cell networks and coupled cell systems have been addressed, for example, from the bifurcation point of view, [1, 5, 7, 8] .
Recently, Rink and Sanders [10, 11] and Nijholt, Rink and Sanders [9] developed some dynamical techniques for homogenous networks with asymmetric inputs, i.e., networks where all cells have the same type and each cell receives only one edge of each type. When the network has a semi-group structure, they have calculated normal forms of coupled cell systems and used the hidden symmetries of the network to derive Lyapunov-Schmidt reduction that preserves hidden symmetries. They have introduced the concept of fundamental network which reveals the hidden symmetries of a network (see definition 3.1 of § 3). A fundamental network is a Cayley Graph of a semigroup. The dynamics associated to a fundamental network can be studied using the revealed hidden symmetries. Moreover, the dynamics associated to a network can be derived from the dynamics associated to its fundamental network, [10, theorem 10.1] .
The one-to-one correspondence between balanced colorings and synchrony subspaces leads to the definition of quotient network, such that every dynamics associated to the quotient network is the restriction to a synchrony subspace of the dynamics associated to the original network. A subnetwork of a given network is a network whose set of cells is a subset of the cells of the given network and the respective incoming edges, such that the cells are not influenced by any cell outside the subnetwork. Thus, the dynamics associated to the cells in a subnetwork is independent of the dynamics associated to the other cells. DeVille and Lerman [4] highlighted the concepts of quotient network and subnetwork using network fibrations, i.e., functions between networks that respect their structure. In particular, they showed that every surjective network fibration defines a quotient network and every injective network fibration defines a subnetwork ( § 4) .
In this work, we will focus on the relation between a homogenous net-work and its fundamental network. The work is divided in two independent parts. In the first part, we show that the fundamental network construction preserves the quotient network relation and transforms the subnetwork relation in the quotient network relation ( § 5). Moreover, we characterize the networks such that: its fundamental network is a lift of the network ( § 5.1); the network is a subnetwork of its fundamental network ( § 5.2); and the network is a fundamental network ( § 5.3). In order to do that, we introduce the properties of backward connectivity and transitivity for a cell. The backward connectedness for a cell means that we can reach that cell from any other cell in the network. This signifies that the dynamics associated to that cell is, directly or indirectly, affected by the dynamics associated to every other cell in the network. The transitivity for a cell is the existence of network fibrations pointing that cell to any other cell. This property is similar to the vertex-transitivity used in the characterization of Cayley-Graphs of groups [2, §16] . The vertex-transitivity is the ability of interchanging any two nodes using a bijective fibration, which reveals the symmetries of a graph.
In the second part, we relate the architecture of a network and of its fundamental network. In particular, we study two concepts of a network's architecture: cycles in the network and the distance of cells to a cycle ( § 6). We denote by rings the cycles in the network involving only one edge type, and by depth the maximal distance of any cell to a ring. Ring networks have been studied, for example, in Ganbat [5] and Moreira [8] . We start by looking to networks having a group structure ( § 7). Then we show that a network and its fundamental network have equal depth ( § 7.1), and that the size of the rings in a fundamental network is a (least common) multiple of the size of some network rings ( § 7.2). Last, we describe the architecture of the fundamental networks of networks that have only one edge type.
The text is organized as follows. Sections 2, 3 and 4 review the concepts of coupled cell networks, fundamental networks and network fibrations, respectively. Section 5 characterizes fundamental networks. Section 6 defines rings and depth of a network. Finally, § 7 relates rings and depth of a network and of its fundamental network.
Coupled cell networks
In this section, we recall a few facts concerning coupled cell networks following [6, 12] . We also introduce the notion of backward connected network.
A directed graph is a tuple G = (C, E, s, t), where c ∈ C is a cell and e ∈ E is a directed edge from the source cell, s(e), to the target cell, t(e). We assume that the sets of cells and edges are finite. The input set of a cell c, denoted by I(c), is the set of edges that target c. Following [6, definition 2.1.] and imposing that cells of the same type are input equivalent we define (coupled cell) network.
is a directed graph, G, together with two equivalence relations: one on the set of cells, ∼ C , and another on the set of edges, ∼ E . The cell type of a cell is its ∼ Cequivalence class and the edge type of an edge is its ∼ E -equivalence class. It is assumed that: (i) edges of the same type have source cells of the same type and target cells of the same type; (ii) cells of the same type are input equivalent. That is, if two cells have the same cell type, then there is an edge type preserving bijection between their input sets. ♦
We say that a network is a homogeneous network whenever there is only one cell type. A network is a homogeneous network with asymmetric inputs if each cell receives exactly one edge of each edge type. We will focus our interest in homogeneous networks with asymmetric inputs.
In [10] , Rink and Sanders pointed out that a homogeneous network with asymmetric inputs can be represented by functions σ i : C → C, for each edge type i, such that there is an edge with type i from σ i (c) to c. We write σ = [a 1 . . . a n ] for the function σ : {1, . . . , n} → {1, . . . , m} such that σ(j) = a j , for j = 1, . . . , n. For examples of homogeneous networks with asymmetric inputs see figure 1 , where distinct edge types are represented by different symbols.
A directed path in a network N is a sequence (c 0 , c 1 , . . . , c m−1 , c m ) of cells in N such that for every j = 1, . . . , m there is an edge in N from c j−1 to c j . Similarly, we see that the network in figure 1(b) is not backward connected. Now, for the network in figure 1(c), there is a directed path starting in cell 1, 2, 4 or 5 to cell 3. Thus, the network is backward connected for cell 3. ♦ Following [9] , the input network for a cell of a network contains the cells that affect, directly or indirectly, that cell. The input network for c ∈ C, denoted by N (c) , is the network with set of cells C (c) and set of edges E (c) , where
Observe that every input network for a cell is backward connected for that cell. See figure 2 for an example. 
Fundamental networks
In this section, we recall the definition of fundamental network of a homogenous network with asymmetric inputs introduced by Nijholt et al. [9] . We present some examples of fundamental networks and remark that every fundamental network is backward connected. The identity function in C is denoted by Id C , and we omit the subscript when it is clear from the context. Proof. Let N be a homogenous network with asymmetric inputs represented by (σ i )
HenceÑ is backward connected for Id. 
Network fibrations
In this section, we recall the definition and some properties of network fibrations. We introduce a notion of transitivity and we recall the definitions of quotient network and subnetwork. Moreover, we highlight the relations of quotient network and subnetwork with surjective and injective network fibrations, respectively.
Roughly speaking, a graph fibration is a function between graphs that preserves the orientation of the edges and the number of input edges. Precisely, let G = (C, E, s, t) and
) and ϕ| I(c) : I(c) → I(ϕ(c)) is a bijection, for every c ∈ C and e ∈ E.
A network fibration between networks is then defined as a graph fibration preserving the cell types and the edge types:
We say that N and N ′ are isomorphic, if there is a bijective network fibration between N and N ′ . ♦
We do not distinguish isomorphic networks and we will say that two networks are the same if they are isomorphic.
Example 4.2. Let N be the network in figure 1(a) . Denote an edge of N with source s and target t by (s, t). Consider the function ϕ : N → N such that ϕ(1) = 1, ϕ(2) = ϕ(4) = 2 and ϕ(3) = 3, and ϕ((1, 2)) = ϕ((1, 4)) = (1, 2), ϕ((2, 1)) = (2, 1) and ϕ((2, 3)) = (2, 3). The function ϕ is a network fibration. ♦
In the case of homogeneous networks with asymmetric inputs, the network fibrations are characterized by the following property. 
is a network fibration if and only if
A network fibration from a network which is backward connected for a cell c is uniquely determined by the evaluation of the network fibration at cell c.
Proposition 4.5. Let A be a homogeneous network with asymmetric inputs and φ : A → B a network fibration. If A is backward connected for c, then the network fibration is uniquely determined by φ(c).
Proof. Let A be a homogeneous network with asymmetric inputs and φ : A → B a network fibration. Then B is a homogeneous network with asymmetric inputs and has the same edge types of A. Suppose that A and B are represented by the functions (σ
, respectively, and A is backward connected for c. Then for every cell d = c in A there are σ
In the context of graphs, vertex-transitivity is the ability of interchanging two cells of a graph using a bijective graph fibration. The vertex-transitivity reveals symmetries in a graph and it was usefully used in the characterization of Cayley graphs of groups, see [2, §16] . Here, we introduce a weaker version of transitivity that will play a similar role in the characterization of fundamental networks. Then the network is transitive for cell 3 (and for cell 4). For the network in figure 1(b), there is only one network fibration from the network to itself, the identity network fibration. Thus the network is not transitive. ♦
Surjective network fibrations
We recall now the definition of quotient networks using balanced colorings [6, 12] and establish then their relation with surjective network fibrations, [3, 4] . A coloring on the set of cells of a network defines an equivalence relation on those cells. Following [6, 12] , a coloring is balanced if for any two cells with the same color there is an edge type preserving bijection between the corresponding input sets which also preserves the color of the source cells.
Each balanced coloring defines a quotient network, see [6, §5] . The quotient network of a network with respect to a given balanced coloring ⊲⊳, is the network where the set of equivalence classes of the coloring, For completeness, we sketch the proof here. If Q is a quotient network of a network N, consider the associated balanced coloring. The function from N to Q that project each cell into its equivalence class is a surjective network fibration. On the other hand, given a surjective network fibration from N to Q, consider the coloring such that two cells have the same color, when their evaluation by the network fibration is equal. This coloring is balanced, and the quotient network of N with respect to this coloring is equal to Q. 
Injective network fibrations
We consider now subnetworks and their relation with injective network fibrations. We follow [4, §5.2].
Definition 4.13. Let N and S be two networks with sets of cells and edges, respectively, C and E, and C ′ and E ′ . Then S is a subnetwork of N, if C ′ ⊆ C, E ′ ⊆ E and for every c ′ ∈ C ′ and every edge e ∈ E with the target cell t(e) = c ′ , we have that e ∈ E ′ and the source cell s(e) ∈ C ′ . ♦ Example 4.14. Consider the network in figure 1(a) and its fundamental network displayed in figure 3(a) . The fundamental network is a subnetwork. ♦ 
Fundamental networks and network fibrations
In this section, we recall some results presented by Nijholt et al. in [9] . We show then that the fundamental network construction preserves the quotient network relation. Moreover, we see that the fundamental network construction does not preserve the subnetwork relation, but it transforms the subnetwork relation in the quotient network relation. 
The image of ϕ c is the input network N (c) . Every network fibration fromÑ
to N is equal to ϕ c for some c ∈ C. The networkÑ and its fundamentalÑ are equal.
We prove next that the fundamental network construction preserves the quotient network relation. 
Define the functionφ :Ñ →Q such thatφ(Id N ) = Id Q and for every cell σ inÑ such that σ = σ i 1 • · · · • σ im for some 1 ≤ i 1 , . . . , i m ≤ k, thenφ is given byφ(σ) = γ i 1 • · · · • γ im . As we show next,φ is well-defined, surjective and a network fibration.
Thus the definition ofφ does not depend on the choice of i 1 , . . . , i m . Moreover,φ is defined for every cell inÑ . Hence,φ is well-defined.
By definitionφ(Id N ) = Id Q . Let γ = Id Q be a cell inQ. Then there are 
Henceφ is a surjective network fibration. By proposition 4.10,Q is a quotient network ofÑ.
Using thatÑ =Ñ (theorem 5.1) and proposition 5.2, we have the following. The next example illustrates the fact that if a S is a subnetwork of N that does not implies the same relation between the corresponding fundamental network.In fact, we see that the existence of a (injective) network fibration φ : S → N does not imply the existence of a network fibrationφ :S →Ñ.
Example 5.5. Let N be the network in figure 1(c) and S the network in figure 2 . The corresponding fundamental networks,Ñ andS, are given in figure 3(c) and (d). There is an injective network fibration from S to N, since S is a subnetwork of N. However there is not an injective network fibration fromS toÑ, becauseS is not a subnetwork ofÑ. Moreover, there is not a network fibration fromS toÑ . ♦
In the following proposition, we show that the fundamental network construction transforms the subnetwork relation in the quotient network relation.
Proposition 5.6. Let N be a homogeneous network with asymmetric inputs. If S is a subnetwork of N, thenS is a quotient network ofÑ.
Proof. Let N be a homogeneous network with asymmetric inputs and S a subnetwork of N. Suppose that N is represented by the functions (σ i )
Henceφ is a surjective network fibration. By proposition 4.10, it follows that S is a quotient network ofÑ .
Fundamental networks and lifts
In this section, we give a characterization of the fundamental networks that are lifts of the original network, in terms of network connectivity, using the results in [9] . We point out that Nijholt et al. in [9] consider that N ′ is a quotient network of N simply if there is a network fibration from N to N ′ which need not be surjective. We also give a necessary condition for a network to be a lift of its fundamental network. In the next result, we give a necessary condition for a network to be a lift of its fundamental network.
Proposition 5.9. Let N be a homogenous network with asymmetric inputs andÑ its fundamental network. If N is a lift ofÑ, then N is transitive.
Proof. Let N be a homogenous network with asymmetric inputs andÑ its fundamental network. Suppose that N is a lift ofÑ . By proposition 4.10, there exists a surjective network fibration ψ : N →Ñ . Let c be a cell in N such ψ(c) = Id N . Consider the network fibrations, given in theorem 5.1,
Hence N is transitive for c.
Fundamental networks and subnetworks
In this section, we give a necessary and sufficient condition for a network to be a subnetwork of its fundamental network. Moreover, we give a sufficient condition for a fundamental network to be a subnetwork of the original network. We start with two examples.
Example 5.10. (i) The network in figure 1(c) is not a subnetwork of its fundamental network, figure 3(c). (ii) The network in figure 4(a) is a subnetwork of its fundamental network, figure 4(b) . In the next proposition, we give necessary and sufficient conditions for the existence of a network fibration from a network to its fundamental network.
Proposition 5.11. Let N be a homogeneous network with asymmetric inputs andÑ its fundamental network with sets of cells C andC, respectively. Suppose that N is backward connected for
Proof. Let N be a homogeneous network with asymmetric inputs andÑ its fundamental network with sets of cells C andC, and represented by (σ i )
and (σ i ) k i=1 , respectively. Suppose that N is backward connected for c ∈ C. In order to prove (i), suppose that ϕ : N →Ñ is a network fibration. By
To prove (ii), suppose that there is σ ∈C such that σ
This function is defined for every cell in N, because N is backward connected for c. And it is well defined, because if c
Recalling proposition 4.17 and restricting the network fibration of proposition 5.11 to an injective network fibration, we obtain the characterization of the networks that are subnetworks of its fundamental network.
Corollary 5.12. Let N be a homogeneous network with asymmetric inputs backward connected for a cell c andÑ its fundamental network. Then N is a subnetwork ofÑ if and only if there is σ ∈C such that for every σ
′ , σ ′′ ∈C, the following condition is satisfied: . By the previous corollary, the network is a subnetwork of its fundamental network. ♦
We show now that if a network is transitive, then its fundamental network is a subnetwork of the network. This result will be used in the following section to characterize fundamental networks.
Proposition 5.14. Let N be a homogenous network with asymmetric inputs andÑ its fundamental network. If N is transitive, thenÑ is a subnetwork of N.
Proof. Let N be a homogenous network with asymmetric inputs andÑ its fundamental network. Denote the network fibrations, given in theorem 5.1, by ϕ d :Ñ → N, for every cell d in N. Suppose that N is transitive for a cell c. Then for every cell d in N there is a network fibration ψ d : N → N such that ψ d (c) = d. In order to prove thatÑ is a subnetwork of N, we show that ϕ c is an injective network fibration.
and γ 1 = γ 2 . Hence ϕ c is an injective network fibration. By proposition 4.17, N is a subnetwork of N.
From propositions 5.9 and 5.14, we have the following result. 
Networks which are fundamental networks
Using theorem 5.1 and the results obtained in the previous sections, we can now characterize the networks that are fundamental networks, in terms of transitivity and backward connectedness. Proof. Let N be a homogeneous network with asymmetric inputs.
Suppose that N is a fundamental network. Then N is equal toÑ and there is a bijective network fibration ψ :Ñ → N. From proposition 3.3, we know thatÑ is backward connected for Id. By theorem 5.1, we have for every cell σ inÑ that there is a network fibration φ σ :Ñ →Ñ =Ñ such that φ σ (γ) = γ • σ. In particular φ σ (Id) = σ, andÑ is transitive for Id. Hence, N is backward connected for ψ(Id) and it is transitive for ψ(Id).
Suppose that there is a cell c in N such that N is backward connected for c and transitive for c. We show that N is equal toÑ by showing that there is a bijective network fibration fromÑ to N. In fact, the network fibration ϕ c :Ñ → N, given by theorem 5.1, is a bijection, since it is surjective by proposition 5.7, and it is injective by proposition 5.14.
Architecture of networks: rings and depth
In this section, we introduce the definition of rings and depth of a homogenous network with asymmetric inputs. We start by recalling the definitions of connected and strongly connected components. We finish by describing how we can obtain the rings and the depth of a homogenous network with asymmetric inputs using the representative functions of the network.
We say that there is an undirected path in a network connecting the sequence of cells (c 0 , c 1 , . . . , c k−1 , c k ) , if for every j = 1, . . . , k there is an edge from c j−1 to c j or an edge from c j to c j− 1 . A directed path (c 0 , c 1 figure 1(c) to the solid edges has three connected components and its depth os 1.On the left, the ring is {1} and the depth is 0. On the center, the ring is {2} and the depth is 1. On the right, the ring is {4, 5} and the depth is 0.
Example 6.4. Let N be the network in figure 1(c) . Consider the restriction N 1 to the solid edges represented in figure 6 . The network N 1 has three connected components, C figure 3(c) . Consider the restrictionÑ 1 to the solid edges. The networkÑ 1 has four connected components. Each of the connected components has a ring of size 2. And the depth ofÑ 1 is 1. Note that the size of any ring inÑ 1 is a multiple of the size of some rings in N 1 and the depth of N 1 is equal to the depth of N 1 . In the next section, we formalize and prove these observations to every networks with asymmetric inputs. ♦
We describe now the rings and the depth of a network using representative functions. This follows from the following facts: every representative function, σ i , is semi-periodic, i.e., there exist a ≥ 0 and b > 0 such that 
Architecture of fundamental networks
We start this section by studying the connectivity of fundamental networks for which the semi-group generated by their representative functions is in fact a group. Proof. Let N be a homogenous network with asymmetric inputs andÑ its fundamental network with set of cells C andC, respectively. IfÑ is strongly connected, then there is a directed path between every pair of cells inC, in particular, between Id and σ ∈C. Thus
where σ ′ is a directed path from Id to σ. Conversely, ifC is a group, then there is a directed path between every pair of cells inC. This proves that (i) is equivalent to (ii).
Any representative function is invertible if and only if it is a bijection. And every permutation has a finite order, i.e., exists k such that σ k = Id. Hence the statements (ii) and (iii) are equivalent. Now, to prove (b), suppose that N is connected andÑ is strongly connected. ThenC is a group and for every representative function σ of N, there exist σ −1 . Note that σ −1 is not always a representative function, but it is a composition of representative functions, by definition ofC. We refer to σ −1 has the inverse path of the connection σ. Moreover, for every two cells c and d there exists an undirected path from c to d, because N is connected. From this undirected path it is possible to get a directed path in N from c to d by considering for each connection in the undirected path either the connection itself or its inverse path.
Depth of fundamental networks
In example 6.4, we presented a network such that the depth of the network is equal to the depth of its fundamental network. We prove now that this property is valid for every homogenous network with asymmetric inputs. Moreover, we use this fact to show that an adjacency matrix of a network is non-singular if and only if the correspondent adjacency matrix of its fundamental network is non-singular. Proof. Let N be a homogeneous network with asymmetric inputs that has only one edge type, l the least common multiple of the size of all the rings in N, p the depth of N andÑ its fundamental network. We know by proposition 3.3 thatÑ is backward connected and soÑ has only one connected component. The size of the ring of that connected component is equal to the least common multiple of the sizes of rings in N, see proposition 7.4. By proposition 7.2, we also know that depth(N) = depth(Ñ ). ThenÑ has at least the loop-chain with size l and p described in figure 7 .
Next, we prove thatÑ has only l + p cells. Suppose that there exists more than l + p cells. Then there is a cell j > l + p that receives an edge from the cells 1, . . . , l + p, becauseÑ has only one connected component and the first l + p cells already receive an edge from the first l + p cells. If j receives an edge from the cells 1, . . . , l + p − 1, thenÑ is not backward connected. If j receives an edge from the cell l + p, then depth(Ñ) > p. HenceÑ is a loop-chain with size l and p described in figure 7 .
